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• We propose a nonparametric method to test for predictability.
• Linear and nonlinear DGPs are considered in Monte Carlo analysis.
• Our test displays more corrected size than three existing methods.
• Our test has higher power than two nonparametric causality tests.
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a b s t r a c t

Predictability of macroeconomic and financial variables is an important issue in economics. In this paper,
we propose a nonparametric test for the predictability of the direction of price changes. The Monte
Carlo simulation results show that ourmethod displays better finite-sample property than the traditional
parametric Granger causality test (Granger, 1969) and two nonparametric causality tests of Hiemstra and
Jones (1994) and Diks and Panchenko (2006).

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

This paper develops a nonparametric test for the predictability
of direction of price changes. We compare the size and power
property of our test with three existing methods including the
traditional parametric Granger causality test (Granger, 1969) and
two nonparametric causality tests of Hiemstra and Jones (1994)
and Diks and Panchenko (2006). The linear and nonlinear models
are employed to generate simulation data. We find that for both
linear and nonlinear data generating processes (DGP), our statistic
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displays more corrected size and higher power than two exist-
ing nonparametric causality statistics. Although the parametric
Granger test presents slightly higher power than ourmethod, it has
much higher sizes than the nominal significance levels, suffering
from the problem of over-rejection.

The remainder of this paper is organized as follows: Section 2
shows the details about our proposed nonparametric test for pre-
dictability. Section 3 concludes the paper.

2. A nonparametric test

Let {RA
t , R

B
t }

T
t=1 denote the logarithmic returns on two financial

assets, where T is the sample size. Following Hong et al. (2007) and
Li (2014), RA

t and RB
t are standardized to have mean zero and unit

variance for the simplicity of statistical inference and computation.
Given an exceedance level c and RA

t > cA or RA
t < −cA at time t ,
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the probability of k step ahead prediction is defined as

pred(c, k) = Pr(RB
t+k > cB|RA

t > cA) + Pr(RB
t+k < −cB|RA

t < −cA)
≡ pred+(c, k) + pred−(c, k), (1)

where k and c = (cA, cB) are both nonnegative constant. Eq. (1)
calculates the probability that the normalized return of asset B is
higher than the threshold cB or lower than −cB when past return
of asset A is higher than cA or lower than −cA.

Similarly, the probability of k step ahead non-prediction can be
defined as

npred(c, k) = Pr(RB
t+k < cB|RA

t > cA) + Pr(RB
t+k > cB|RA

t < −cA)
≡ npred+(c, k) + npred−(c, k). (2)

We are interested in whether the probability of prediction is
significantly greater than the probability of non-prediction. Thus,
our test is for a composite hypothesis. The null hypothesis is

H0 : pred(c, k) = npred(c, k), for all c ≥ 0, (3)

and the alternative hypothesis is

H1 : pred(c, k) > npred(c, k), for some c ≥ 0. (4)

Intuitively, if the null hypothesis in (3) is true, then the differ-
ence vector below

pred(c, k) − npred(c, k) = [pred(c1, k) − npred(c1, k), . . . ,
pred(cm, k) − npred(cm, k)]′, (5)

must be equal to zero, where c1 = (cA1 , c
B
1 ), . . . , cm = (cAm, cBm) are

m chosen nonnegative exceedance levels.
To construct a feasible test statistic, we need to estimate both

pred(ci, k) and npred(ci, k) for 1 ≤ i ≤ m. According to Eqs. (1)
and (2), we should estimate Pr(RB

t+k > cBi |R
A
t > cAi ), Pr(R

B
t+k <

−cBi |R
A
t < −cAi ), Pr(R

B
t+k < cBi |R

A
t > cAi ) and Pr(RB

t+k > −cBi |R
A
t <

−cAi ). The corresponding estimators are given as∑T−k
t=1 I[RB

t+k > cBi ]I[R
A
t > cAi ]∑T−k

t=1 I[RA
t > cAi ]

, (6)

∑T−k
t=1 I[RB

t+k < −cBi ]I[R
A
t < −cAi ]∑T−k

t=1 I[RA
t < −cAi ]

, (7)

∑T−k
t=1 I[RB

t+k < cBi ]I[R
A
t > cAi ]∑T−k

t=1 I[RA
t > cAi ]

, (8)

and∑T−k
t=1 I[RB

t+k > −cBi ]I[R
A
t < −cAi ]∑T−k

t=1 I[RA
t < −cAi ]

, (9)

where I[·] is an indicator function which takes the value of 1 when
the condition in the square bracket is satisfied and 0 otherwise.

Substituting (6) and (7) into (1) yields the estimator of
pred(ci, k),

p̂red(ci, k) =

∑T−k
t=1 I[RB

t+k > cBi ]I[R
A
t > cAi ]∑T−k

t=1 I[RA
t > cAi ]

+

∑T−k
t=1 I[RB

t+k < −cBi ]I[R
A
t < −cAi ]∑T−k

t=1 I[RA
t < −cAi ]

, (10)

and we obtain the estimator of npred(ci, k) by substituting (8) and
(9) into (2),

n̂pred(ci, k) =

∑T−k
t=1 I[RB

t+k < cBi ]I[R
A
t > cAi ]∑T−k

t=1 I[RA
t > −cAi ]

+

∑T−k
t=1 I[RB

t+k > −cBi ]I[R
A
t < −cAi ]∑T−k

t=1 I[RA
t < −cAi ]

. (11)

It can be proven that under null hypothesis (3) and the reg-
ular assumptions in Appendix,

√
T (p̂red(c, k) − n̂pred(c, k)) has

an asymptotic normal distribution with mean zero and a positive
definite variance–covariance matrix, Ω(k). That is

√
T (p̂red(c, k)−

n̂pred(c, k))
d

−→ N (0, Ω(k)). Ω(k) can consistently be estimated by

Ω̂(k) =

T−1∑
l=1−T

K (l/p)δ̂l(k), (12)

where the element (i, j) of the matrix, δ̂l(k), is given as

δ̂l(ci, cj, k) =
1
T

T∑
t=|l|+1

η̂t (ci, k)η̂t−|l|(cj, k), (13)

and

η̂t (ci, k) =
(I[RB

t+k > cBi ] − p̂red
+
(ci, k))I[RA

t > cAi ]∑T−k
t=1 I(RA

t > cAi )/(T − k)

+
(I[RB

t+k < −cBi ] − p̂red
−
(ci, k))I[RA

t < −cAi ]∑T−k
t=1 I(RA

t < −cAi )/(T − k)

−
(I[RB

t+k < cBi ] − n̂pred
+

(ci, k))I[RA
t > cAi ]∑T−k

t=1 I(RA
t > cAi )/(T − k)

−
(I[RB

t+k > −cBi ] − n̂pred
−

(ci, k))I[RA
t < −cAi ]∑T−k

t=1 I(RA
t < −cAi )/(T − k)

≡ η̂
p+
t (ci, k) + η̂

p−
t (ci, k) − η̂

np+
t (ci, k) − η̂

np−
t (ci, k), (14)

and K (·) is a kernel function, l denotes a suitable weight to each lag
of order, pmeans the lag truncation order or smoothing parameter.
In this paper, we adopt the Bartlett kernel as

K (x) = (1 − |x|)I(|x| < 1), (15)

which is famous and is used by Newey and West (1994), Hong et
al. (2007) and many others.

According to (10)–(12), we are ready to form a statistic testing
for the null hypothesis as

J(k) = T
(
p̂red(c, k) − n̂pred(c, k)

)
Ω̂−1(k)

×
(
p̂red(c, k) − n̂pred(c, k)

)
. (16)

Our test is based on a sample average. In this context, it is
not surprising that we can obtain the asymptotic normality of the
proposed statistic. The following theorem gives the asymptotic
distribution theory for our statistic under the null hypothesis.

Theorem 1. Suppose Assumptions hold and p = p(T ) → ∞, p/T →

0 as T → ∞. Under the null hypothesis and when T → ∞, we have

J(k) = T
(
p̂red(c, k) − n̂pred(c, k)

)
Ω̂−1(k)

(
p̂red(c, k) − n̂pred(c, k)

)
d

−→ χ2(m), (17)

where χ2(m) denotes a chi-square distribution with the degrees of
freedom m.

3. Monte Carlo studies

To investigate the performance of the proposed J(k) statistics in
the finite sample, we conduct an experiment using theMonte Carlo



12 Z. Pan et al. / Economics Letters 148 (2016) 10–16

method. For comparison, we also compute the size and power of
Granger (1969)’s statistics, Hiemstra and Jones (1994)’s statistics
(HJ thereafter) and Diks and Panchenko (2006)’s statistics (DP
thereafter). Two models are used as data generating processes
(DGP) for {RA

t , R
B
t }

T
t=1. The first linear model is expressed as

RA
t = (hA

t )
1/2zAt

hA
t = 0.005 + 0.05(RA

t−1)
2
+ 0.9hA

t−1

RB
t = 0.1RA

t−1 + ϵB
t = 0.1RA

t−1 + (hB
t )

1/2zBt (18)

hB
t = 0.005 + 0.05(ϵB

t−1)
2
+ 0.9hB

t−1,

where zAt and zBt are standard normal distribution. In this model,
the conditional volatility is assumed to follow a GARCH process,
consistent with the stylized fact of volatility clustering in financial
markets. From Eq. (18), we can see that RA

t will help to improve
the prediction of RB

t . In our design, the null hypothesis is that {RA
t }

cannot predict {RB
t } for the analysis of size performance.

The second model used to generate data is the symmetric Joe-
Clayton copula, which is modified by Patton (2006) and given as

C sjc(ut , vt; τu, τl) = 0.5
(
C jc(ut , vt; τu, τl) + C jc(1 − ut , 1

− vt; τu, τl) + ut + vt − 1
)
, (19)

where C jc(·) denotes the Joe-Clayton copula,

C jc(ut , vt; τu, τl) = 1 − (1 − {[1 − (1 − ut )κ ]−γ

+ [1 − (1 − vt )κ ]−γ
− 1}−1/γ )1/κ

κ = 1/log2(2 − τu)
γ = −1/log2(τl)

τu, τl ∈ (0, 1).

The two parameters τu and τl measure the upper and lower
tail dependence, rather than the linear correlation (see Patton,
2006 for more details). In our setting, we assign (τu, τl) =

(0.05, 0.05), (0.1, 0.1) for the symmetric case and (τu, τl) =

(0.05, 0.1) for asymmetric case, respectively. The asymmetric phe-
nomenon is also viewed as a stylized fact in financial markets (Ang
and Chen, 2002; Hong et al., 2007). In order to investigate the
predictive effect, we make RB

t = ut and RA
t−1 = vt . Again, the null

hypothesis is that RA cannot predict RB.
In the simulation study, we choose k = 1 and c = 0 to match

with the HJ and DP statistics. Furthermore, cA = Q5, cA = Q10 and
cA = Q15 are adopted to examine the behavior of our statistics in
tail area, where Q5, Q10 and Q15mean the quantiles of the returns
for the cumulative probabilities of 5%, 10% and 15%, respectively.
In these cases, the exceedance levels are asymmetric because cB =

0. Certainly, we can impose more asymmetric exceedance levels.
Note that the implementation of exceedance level reduces the
effective sample size because of the conditioning, and so it is harder
to get to the asymptotic properties. We perform 10,000 Monte
Carlo simulations for different sample lengths and record times
for each statistic. The rejection times divided by 10,000 is our
empirical proportion of rejections.

Table 1 shows the size performances of Granger , HJ, DP and
our J tests for different sample sizes. We consider the nominal
significance levels of 5% and 10%. The empirical sizes show that
the Granger statistics1 are severely over-rejected while HJ and DP
statistics tend to be slightly under-rejected. As a comparison, the
sizes of our J statistics are closer to the corresponding nominal
significance levels than the other three statistics, indicating that
our statistic is more reliable under the null hypothesis.

Table 2 reports the power of these statistics. Similar to Diks
and Panchenko (2006), we use the same DGP when doing power

1 The optimal lag is selected using the Bayesian Information Criterion (BIC).

analysis but interchange the positions of {RA
} and {RB

} in Eqs. (18)
and (19). Then the null hypothesis tested becomes {RA

} cannot
predict {RB

} accordingly. As expected, Granger test has highest
power since there exists over-rejection. Comparing with the other
two nonparametric tests, we can see that our J statistic has higher
power than both DP and HJ statistics regardless of whether linear
or nonlinear DGPs are used.

4. Conclusions

This paper develops a nonparametric test for the predictability
based on the accuracy of direction prediction. The simulation re-
sults show that our method displays better size and power prop-
erty than existing three causality tests.

Appendix. Proof

Let C be a large constant, which may take different values at
different places. To derive the asymptotic distribution under the
null hypothesis, we need some regularity conditions given below:

Assumption 1. {RA
t , R

B
t } has zero mean and is a bivariate stationary

α-mixing process with
∑

∞

j=−∞
j2α(j)κ/(κ−1) < ∞ and E(|RA

t |
4κ ) +

E(|RB
t |

4κ ) < ∞ for some κ > 1.

Assumption 2. The kernel function K (·) : R → [−1, 1] is symmet-
ric about 0 and is continuous at all points on support R except a
finite number of points, with K (0) = 1 and

∫
∞

−∞
|K (x)|dx < ∞.

Assumption 3. The nonstochastic smoothing parameter p = p(T )
→ ∞, p/T → 0 as the sample size T goes to infinity.

Assumption 4. The kernel function, K (x), should satisfies: (1) for
some b > 1, |K (x)| ≤ C |x|b as x → ∞; and (2)|K (x1) − K (x2)| ≤

C |x1 − x2|, for any x1, x2 ∈ R.

Assumption 5. Let p̂ be a data-dependent bandwidth and satisfies
p̂/p = 1 + Op(p1+b/T κ(1+b)) where κ ∈ (0, 1/2). Further, the
nonstochastic smoothing parameter p satisfies p = p(T ) →

∞, p/T κ
→ 0.

The assumptions given above are regular and commonly used
in financial econometrics (Hong et al., 2007; Li, 2014). Assump-
tion 1 takes into account the existence of volatility clustering and
weak serial correlation, which are famous stylized facts in most
financial data. Assumptions 2 and 3 are sufficient on the kernel
functionK (·) andbandwidth pwhenweusenonstochastic smooth-
ing parameter. Assumption 4 gives some extra conditions on the
kernel function when we consider data-dependent bandwidth p̂.
Assumption 5 rules out the truncated and Daniell kernels (see
Andrews, 1991; Newey and West, 1994 for more details on data
driven bandwidths).

Proof of Theorem 1. We first show that
√
T (p̂red(c, k) − n̂pred

(c, k)) converge to N (0, Ω(k)) in distribution. We consider

p̂red(c, k) − n̂pred(c, k)

= p̂red
+
(c, k) + p̂red

−
(c, k) − n̂pred

+

(c, k) − n̂pred
−

(c, k)

=
1

T − k

T−k∑
t=1

m∑
i=1

λi{I[RB
t+k > cBi ]

− pred+(ci, k)}I[RA
t > cAi ]

/{
1

T − k

T−k∑
t=1

I[RA
t > cAi ]

}
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+
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+ op
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=
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(
1

T − k

T−k∑
t=1

ηt (k)
)

, (A.1)

whereλ = (λ1, . . . , λm)′ denotes an vector (m×1) satisfyingλ′λ =

1, ηt (k) =
∑m

i=1λi(η
p+
t (ci, k)+ η

p−
t (ci, k)− η

np+
t (ci, k)− η

np−
t (ci, k))

and

η
p+
t (ci, k) =

(
I[RB

t+k > cBi ] − pred+(ci)
)
I[RA

t > cAi ]

Pr(RA
t > cAi )

η
p−
t (ci, k) =
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η
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.

In addition, in (A.1) we use the fact that under null hypothesis,
pred(c, k) = npred(c, k), we know that to prove

√
T (p̂red(c, k) −

n̂pred(c, k))
d

−→ N (0, Ω(k)), we consider
√
T (p̂red(c, k) − n̂pred(c, k))

=
1

√
T

T∑
t=1

ηt (k) + op

(
1

√
T

T∑
t=1

ηt (k)
)

. (A.2)

We have

Ω(k) = lim
T→∞

Var

[
1

√
T

T∑
t=1

ηt (k)

]
=

∞∑
l=−∞

Cov(ηt (k), ηt−l(k)). (A.3)

By the central limit theorem for mixing processes (White,
2014), we have
√
Tλ′(p̂red(c, k) − n̂pred(c, k))

√
λ′Ω(k)λ

d
−→ N (0, 1). (A.4)

And hence

T (p̂red(c, k) − n̂pred(c, k))′Ω−1(k)(p̂red(c, k)

− n̂pred(c, k))
d

−→ χ2(m). (A.5)

Next, we show that Ω̂(k)
p

−→ Ω(k). Write Ω̂(k) − Ω(k) =(
Ω̂(k) − E[Ω̂(k)]

)
+

(
E[Ω̂(k)] − Ω(k)

)
. By the Andrews (1991)

Lemma 1, Assumption A.2 implies that Assumption A of Andrews
(1991) holds. It follows the Andrews (1991) Proposition 1(a) that
Var[Ω̂(k)] = E[(Ω̂(k) − E[Ω̂(k)])2] = O(p/T ). Therefore we have
Ω̂(k) − E[Ω(k)] = Op(

√
p/T ) by Chebyshev’s inequality. In addi-

tion, because Assumption A.2(ii) implies
∑

∞

j=−∞
Ω(j, k) ≤ C , and

because of Assumption A.4 and dominated convergence, we have

E[Ω̂(k)] − Ω(k) =

T−1∑
j=1−T

[(1 − |j|/T )k(j/p) − 1]Ω(j, k)

+

∑
|j|>T

Ω(j, k) → 0, (A.6)

as T → ∞. Consequently, Ω̂(k)
p

−→ Ω(k). By Slutsky’s theorem, we
then obtain

J(k) = T
(
p̂red(c, k) − n̂pred(c, k)

)′

Ω̂−1(k)
(
p̂red(c, k)

−n̂pred(c, k)
) d

−→ χ2(m). (A.7)

Suppose that the bandwidth parameter p is a function of the
data, which is expressed as p̂, and Ω̂∗(k) is the kernel estimator of
Ω(k).

Ω̂∗

ij (k) − Ω̂ij(k) =

T−1∑
l=1−T

[k(l/p̂) − k(l/p)]δ̂l(ci, cj, k)

=

∑
|l|≤q

[k(l/p̂) − k(l/p)]δ̂l(ci, cj, k)

+

∑
q<|l|<T

[k(l/p̂) − k(l/p)]δ̂l(ci, cj, k)

= I1(ci, cj, k) + I2(ci, cj, k), (A.8)

where q = T κ for κ .
We now consider the first term I1(ci, cj, k). Using the Assump-

tions and the triangle inequality, we have
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|I1(ci, cj, k)| ≤

∑
|l|≤q

C |l/p̂ − l/p| · |δ̂l(ci, cj, k)|

≤ C |p̂−1
− p−1

|q
∑
|l|≤q

|δ̂l(ci, cj, k) − δl(ci, cj, k)|

+ C |p̂−1
− p−1

|q
∑
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|δl(ci, cj, k)|

= |p̂−1
− p−1

|Op(q/T 1/2
+ q)

= Op(q · |p̂−1
− p−1

|), (A.9)

where
∑

∞

l=−∞
|δl(ci, cj, k)| ≤ C and sup0<l<T E[δ̂l(ci, cj, k) − δl(ci,

cj, k)]2 = O(T−1) from Hannan (2009).
For the second term I2(ci, cj, k), using the Assumptions, we have

|I2(ci, cj, k)| ≤

∑
q<|l|<T

C(|l/p̂|−b
+ |l/p|−b)δ̂(ci, cj, k)

≤ C(p̂b + bb)q−b
∑

q<|l|<T

|δ̂l(ci, cj, k) − δl(ci, cj, k)|

+ C(p̂b + bb)q−b
∑

q<|l|<T

|δl(ci, cj, k)|

= C(p̂b + bb)q−b
[Op(q/T 1/2) + op(1)], (A.10)

where again
∑

∞

l=−∞
|δl(ci, cj, k)| ≤ C and sup0<l<TE[δ̂l(ci, cj, k) −

δl(ci, cj, k)]2 = O(T−1).
Therefore, we have Ω̂∗(k) − Ω̂(k) = op(1).
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